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Overviewlttdmintoff
• Look at syllabus for grades / hw details

• HW
- usually
• Small HW due' tuesday/th }

think of these

us
"

discussions
"

nusvully
'

• Larger HW due tue Cmunday)

• Glossary



• Final Problem Set

Emaildarubins@ucsc.edu
0¥ : M : 3:45 -4:45

Th : 11:45 - 12:45



Overviewofcovrse
• More general vector spaces

and fields
Ri ①

, Fps
• More advanced topics / in depth
~ quotient spaces , tensor products,wedge /exterior products,

spectral theorem

• Prove things ! ! ! ! !
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veotorspaas.ME#
µ. set an :{ 1¥;) :* "R }

•
In this set we could

1) Add
"

rectors
"

ex) (3%-17)=6 )

2) Scale "

vectors
"

ex) -2 (F) =/¥, )



in some there way

ex ) ( a +b) i. att 68

alñ+Ñ ) = Gita}

Cab)E = a(BE)

⑥(E) = 8

Iii I



suuhastruuturc.com/eaxiomitia-ed-

G) What are the
"

essent-nt.gs
"

needed

in describing the structure of IR
"

above ?



First focus on these
"

-5¥
"

Cor
"

¥6K
" )

• how to generalize R? What can we do in IR ?

1) We can add / subtract

2) We can multiply /divide

Oef : A field is a set E with 2

"

operations
"



IF ✗ IF IF IFHF IF

cash 1-> atb can 1-> a-6

suhth
(Al) Associativity of -1 : For a. be c- IF have

Catb)tc = ⑧+ Clete)

(Al) Commutativity it f- : For a
,
belt have

a+b=bta

( As) # element such that
, taek

9+0=9



G-4) For a c- IF
,7! such that

at C-a) =0

(Ml) Asscociutmty.FI : For a,bc EIF

Cable = alba)

1h21 commututiut-yo.fi For a

.be/Fab--6alM377!ekment-E=called theL



such that ttaelf a.1=a

Cmult)
1m41 V-a-t-0.EE 7 ! called the inverse

such that a.a-1=1

(D) Oistributivilaw : For all a,b;cEÑ

(atb )c= act be



ex)/" IR

2) € 1) check these satisfy the
axioms above ,

www.T
3) ① = complex # 's G- { at bi ta

,
belt}

- > 4) Xp = Fp - integers
"mad

p
"

FT
,
.
. ,pj }

/H⇔bmodp
)

8=86 It? Omedp}

eHp : 5--5 > I -2 mods
5=5

Pf) Define addition by a- +b- = atb

ex)5+5--15=8 mods



2-+5=5--8 mods

Turns out this "addition rule does not depend
on choice of coset

.

Ie if a- =aT and 6- = T'

then aÑ=a'+T
If E-I then pl a-a

' and
p
/ b- 6 '

than pl, -- a - a , and plz = b- 6,

then atb - (a' +6 ' ) : a- a '

+ b- b
'

=p ( litho )

ie p / Cath
-(a' +6 ' )



The 0 in Fp is 8

Given ñ c- Ep 3- element such that Itf :O

a)p : a.a- = ? for a- = 2-

-a-=I

Define multiplication by a- • b- = at Gheok this is well-defined)

Laning
'

. Let a.6£21 and let D= gcdlqt )
There exist integers n.in such that

Mart hub = d
a ,≤aap)

Note: If
p is prime

then a -40
"

gotta,p) -4
⇒ Fnynz such that



that nap - I

reduce modp
-

=> in Fp ñai+o=T = > vi. a- =P

This n ,
- is the multiplicative inverse

.

A) pas a-
'

= ? for a :L - a-
'

=3



Nm-exam :

1) In for n not prime

2) IN or 21

Def : Something
"

different
"

about R I

• Note that I, t Int - - + In =/ OR



• However ! 4-
*
p
+ - - + Ip = 0
Times

=> True in general : Only 1 of two things happen

1) Either 7h St in .

I
# =0

2)

n.IE/--Olasel-iThcsmaIstnst is

called the -ÉiN-

Casely : IF said to be of tÉ



ex
7.HF : ① → char 0

%) IF = IF
,

→ char 17

Lenny : For any
field IF

,
a :O

#
Ka

Pf) 0*9=60*+0*19--0#at QF a

subtweet by ⑥* a) to both sides



-①
*
a + 0*9 = -0*9+011=9+01+-9

= > 0*-0*1-0#a
= 0#a

HWI : For a ,b c- IF
,

if ab :O
,

then a :O or to

( show that if n not prone In is not a field )

Quik Detar on polynomials
owe will see,many questions in this class

really boil down to the existence of a



for some Ép .

• Certain Fields can
"

better behaved
"

in this respect

Def : IF a field . Say IF is algebraical if
for

anycmoniul-E.at#=xan-x---taEwikaiE1F
7 a c- IF killed a of p

such that plot
-

- Qi ✗
2- I



ex) ④
?

✗7- lyno
roots

D-? ✗71 F-2 has a root in R
,
not ☒

① = yes alg closed

Hp ? turnsoutnotalgelosedi



liberalization
•Now we can ask for a - generilitatim of the "voters

"

Oef : Let II be field
.

Then aÉ
IF is a set V with 2 operations

Vxv 1¥>V 1FxV÷V

(v ,
w ) 1-> Vtw Cd ,V) 1-) 24

such that



(At) FwyywEVutv@tnwv-Ja.ca+1)±w

?⃝
" "" "" "

UHV = V7.4

(AS) 3- element such that
,
well

vtOv=v

11-4 ) ltv
,
7 such that

at C-a) =0



( SI ) fire V
,
I# V = N

(S2) ka
,
b c- IF

, ve
V

C a +
*
b) v = au tu bv

( S3) V-ac.IE
, yw EV

a Cv ±W ) i GV tu aw



Lemmy : A Vepue has
a unique Q

Pf ) Assume 78%9!vector inv
On -070=07
So Ov :&

HW) 1) Additive inverses are unique

2) Qiu = Q V-vc.tl

3) aQ : Ou a c- IF



examples

" "
"
"" " ˢ"

,, ,

-

= { (E) : a. c- IF }
"

÷:* It =



2) Again , let IF be field
,

then

Mmm (F) =
fan - - am

am .
.am/:9ijc-Ii

is a vector space over IF with

a) me:(&
" a"

) .
mi. /
"

_

- b"

)
am - Amn 6mi - - burn

g)
MtMt = Caijtbi;)

CM
.

= ( ca;) eomponenturse



3) Let new .
The set
,

F- (f)
≤ n

= dart
? - tattoo / aielf §

is a vector space over IF
I

4) let s be any set and IF a field
,
the st

Fat C 'S
,
IF ) : ( f :S -> IF / f function g)I

is a vector spun over IF with



a) f , :S→ IF and fu :S- > IF

[f. +f)G) : f.G) *fits)

:what is the Orator ? A :O :S -> IF
067=0#

b) Given CEIF and f :S -elf

@f) (s) : = Cfcs)

5) Variations on (4)
.

Let ✗ ≤ IF! consider Fat# F)
.

• cts functions i ETSCX ,# ) = @a , # )

• diff functions Diff#F) =L 'C✗, #):



•
" smooth functions SMCX , F) = @% ,

# )

~ ) these are all subsets . _
.

Sm IX. F) £ Diff A. F) ≤ Ctslx
,
# ) E FHA

,
/F)

~> Leads to notion of ceS_

Nwttim


